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Abstract—Parallel Magnetic Resonance imaging (pMRI) 

methods enable reduction of the acquisition rate via 

subsampled acquisitions of the k-space data. SENSE, 

GRAPPA, and iterative optimization-based methods are the 

most popular reconstruction approaches for modern MRI. The 

reconstruction processes can accumulate to a variance of noise 

value which is dependent on the position within the final 

image. Hence, estimating the noise accumulated during 

reconstruction is an integral part to judge a pMRI algorithm. 

In this paper, the noise performances of various popular pMRI 

algorithms have been estimated and compared. Geometry-

factor or g-factor maps and standard deviations of the 

reconstructed final images by various state-of-the-art pMRI 

algorithms have been computed and compared which will 

provide an idea while nitpicking a particular method to 

optimize the noise performance for best-case scenario. 

 
Keywords—g-maps, standard deviations, GRAPPA, 

SENSE, SPIRiT, iterative optimization, convex optimization, 

sum-of-square, artifacts. 

I. INTRODUCTION 

HE augmentation of noise in parallel MRI (pMRI) 

reconstruction has always been an important issue 

in the parallel imaging community. Accelerated parallel 

MRI can be flogged by non-uniform noise during 

reconstruction. In this work, the efficiency of the several 

pMRI reconstruction algorithms is discussed based on 

their performances in case of noise enhancements. 

Additional noise is also going to add to the acquired 

dataset to observe and compare the quantitative 

performances of popular pMRI methods in noisy cases 

as well as the graphical comparison is going to be done 

with the help of geometry factor (g-factor) [1]-[2]. 

The reconstructed image by pMRI is complex and is 

proportional to the proton density of the object, the 

external magnetic field, and the radio frequency 

excitation pulses. The sensitivity functions of the 

scanner coils are also complex-valued [3]. The pMRI 

reconstruction is based on the under-sampled k-space 

(Fourier) data and requires knowledge of the coil 

sensitivity functions. There have been several pMRI 

 
I. A. Baqee is with the Department of Electrical and Electronic 

Engineering, Southeast University, Tejgaon, Dhaka 1208, Bangladesh 
(e-mail: ifat.albaqee@seu.edu.bd). 

methods established in past years for final image 

acquisition. Depending on how the information of 

sensitivity functions is processed and incorporated into 

the image reconstruction, the existing reconstruction 

algorithms may be classified into three groups. 

The first group of algorithms pre-estimates the coil 

sensitivity functions using a pre-scan [4]. Typical 

algorithms of this cluster are SMASH [5], SENSE [4], 

and their extensions such as [6]-[8]. Accuracy of pre-

estimated sensitivity functions is essential, which is 

difficult to achieve in practical measurements. The 

second group of pMRI reconstruction algorithms is 

based coil-by-coil reconstruction method and the sum-

of-squares (SOS) operation [3]. Explicit values of the 

sensitivity functions are not required in the auto-

calibration based algorithms. Typical methods of this 

group are GRAPPA [9], IIR GRAPPA [10], and their 

extensions, which carry out interpolation to recover the 

missing samples. The third genre of algorithms 

formulates the pMRI reconstruction into an iterative 

regularized optimization problem. These algorithms 

jointly determine the image and coil sensitivity 

functions by minimizing a performance index function 

that incorporates the reconstruction error and 

regularization terms [11]-[15], [16], [17]. Among these 

three classes of algorithms, JSENSE from the first 

group; GRAPPA [9], SPIRiT [18] and ESPIRiT [19] 

from the second group; IRGN-TGV [15], Dual-step 

convex optimization [16] and single-step convex 

optimization [17] from the third group has been chosen 

to estimate their g-factor maps and standard deviation to 

compare noise performances. Hopefully, the 

comparison results will provide a comprehensive idea to 

readers about the noise efficiency of different 

algorithms.  

II. THEORY AND METHODOLOGY 

The signal-to-noise ratio (SNR) in MRI is an 

important aspect of performance measurement. After 

the arrival of multiple coil arrays, significant 

improvement in fundamental SNR performance had 

been observed in parallel MRI (pMRI) reconstruction. 

However, pMRI has also come with a drawback of 

introducing non-uniform SNR in the final reconstructed 

image [1], [20]. Also, SNR is inversely proportional to 
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the square root of the reduction factor [1]. 

Another element that affects the SNR performance in 

parallel imaging is the coil geometry which is also 

known as the g-factor. The geometry factor or g-factor 

depicts the noise enhancement in pMRI reconstruction 

which is spatially dependent and proportionally 

incremental to the square root of reduction factor as 

well as strongly connected to the encoding efficiency of 

receiver coils. 

Over the past few years, many algorithm-depended 

analytical procedures have been proposed to estimate 

the g-factor for pMRI reconstructions. Sensitivity based 

methods like SENSE and SMASH applied Kellman and 

McVeigh’s [21] method to determine SNR and hence g-

factor. Yeh in [22] also provided a general outline to 

estimate g-factor for PARS (Parallel magnetic 

resonance imaging with adaptive radius in k-space) 

based reconstructions. Several techniques have also 

been proposed to calculate g-factor for auto-calibration 

based methods such as GRAPPA, in [1], [23], [24]. 

Although, the typical standard way to derive g-factor is 

from a set of fully acquired series of datasets with 

identical scanning parameters and conditions. From 

these series of datasets, SNR maps are derived which is 

the ratio of mean and standard deviation measurements 

on a pixel-by-pixel basis of the reconstructed images 

from the fully sampled datasets. Then the datasets are 

under-sampled by manually removing some of the 

phase encoding k-space lines and reconstructed 

followed by the estimation of accelerated SNR from the 

mean and standard deviation of the reconstructed 

images on a pixel-by-pixel basis. The non-uniform noise 

enhancement factor or simply the g-factor is derived 

from the ratio of SNR of from fully sampled datasets 

and accelerated SNR multiplied by the square root of 

the reduction factor [1].  

𝜍 =
𝑆𝑁𝑅𝑓𝑢𝑙𝑙

𝑆𝑁𝑅𝑎𝑐𝑐√𝑓𝑛𝑒𝑡

                             (1) 

where 𝜍 denotes the g-factor,  𝑆𝑁𝑅𝑓𝑢𝑙𝑙 is the signal-to-

noise ratio derived from the fully sampled set of 

datasets,   𝑆𝑁𝑅𝑎𝑐𝑐 is derived from accelerated under-

sampled datasets and  𝑓
𝑛𝑒𝑡

 is the net acceleration or 

reduction factor. Let ℎ𝑚 is the reconstructed image from 

an under-sampled dataset and  ℎ𝑆𝑂𝑆 is the reconstructed 

reference image from the fully acquired dataset. The 

SNR for the reconstructed images from fully acquired 

datasets and under-sampled datasets by 

𝑆𝑁𝑅𝑝
𝑓𝑢𝑙𝑙 =

ℎ̂𝑆𝑂𝑆𝑝

ℎ̅𝑆𝑂𝑆𝑝

                                   (2) 

where p denotes the pixel index. ℎ̂𝑆𝑂𝑆𝑝
 is the mean 

value for the reconstructed images from fully sampled J 

sets of datasets. 

ℎ̂𝑆𝑂𝑆𝑝
=

1

𝐽
∑ ℎ𝑆𝑂𝑆𝑝

(𝑗)

𝐽

𝑗=1

                           (3) 

ℎ̅𝑆𝑂𝑆𝑝
 is the standard deviation for the images from 

fully acquired datasets. 

ℎ̅𝑆𝑂𝑆𝑝
= √

1

𝐽
∑{ℎ

𝑆𝑂𝑆𝑝
(𝑗) − ℎ̂𝑆𝑂𝑆𝑝

}
2

𝐽

𝑗=1

            (4) 

Same equations have been used to derive mean and 

standard deviations for manually under-sampled 

reconstructed images to estimate 𝑆𝑁𝑅𝑝
𝑎𝑐𝑐. 

However, to provide a more precise estimation of the 

g-factor maps, at least 100 scanned datasets are 

recommended [1] to perform pMRI reconstruction to 

get images from both fully sampled datasets and under-

sampled datasets which are used to calculate 𝑆𝑁𝑅𝑝
𝑓𝑢𝑙𝑙 

and 𝑆𝑁𝑅𝑝
𝑎𝑐𝑐. Some recent methods like [24] and [25] 

can estimate SNR maps from one fully sampled dataset 

and one additional noise only dataset, but their 

applicability is limited to objects in motion. Obtaining 

such large sets of data through scanning is time-

consuming as well as performing isolated pMRI 

reconstruction for each set of data. This time limitation 

makes the experimental procedures be applied to limited 

types of datasets. 

III. EXPERIMENTAL SET-UP AND RESULTS 

Two sets of datasets have been acquired to generate 

g-factor maps for the proposed optimization methods in 

this work. First, is an in-vivo brain dataset already been 

used to test the efficiency of the proposed methods in 

this work, additive Gaussian noises with different 

variances have been mixed with the dataset to produce 

several sets of contaminated datasets with varying 

noises. These datasets are applied to generate simulated 

g maps (as these are not obtained 100 times through 

separate scanning using similar parameters) for the 

proposed methods as well as some popular state-of-art 

methods. Normalized mean square errors (NMSE) have 

been also calculated for each set and averaged to make 

comparisons between the proposed optimization 

algorithms and some nominated state-of-art algorithms. 

As mentioned earlier, seven state-of-the-art methods 

have been nominated to compare the noise 

performances; GRAPPA, SPIRiT, ESPIRiT, IRGN-

TGV, JSENSE, Two-step convex optimization method, 

and direct convex optimization method. It is also worth 

mentioning to the readers that the last two pMRI 

reconstruction algorithms are from the author’s previous 

research work. 

A. Data Acquisition 

The first dataset is a single slice brain data set of a 
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healthy human volunteer available in [26], which was 

acquired by a 3 Tesla SIEMENS Trio scanner with an 

eight-channel head array and an MPRAGE (3D Flash 

with IR prep.) sequence. The parameters of the scan 

were TR/TE = 2530/3.45 ms, TI = 1100 ms, flip angle = 

7
0
, image size is 256 by 256, slice thickness = 1.33 mm 

and FOV = 256 by 256 mm
2
. The fully acquired k-space 

data are manually and uniformly under-sampled at the 

nominal acceleration rate, denoted by 𝑓
𝑛𝑜𝑚

, together 

with an additional 36 extra auto-calibration signal 

(ACS) lines in the central k-space region along the 

phase encoding direction to form the under-sampled k-

space data pattern. Four sets of under-sampled data at 

𝑓
𝑛𝑜𝑚

 = 4, 8, 12, and 16 have been obtained. Taking into 

account the additional 36 ACS lines, the corresponding 

net under sampling rates, denoted by 𝑓
𝑛𝑒𝑡

, of the 

datasets are 𝑓
𝑛𝑒𝑡

 = 2.56, 3.76, 4.49 and 4.92, 

respectively. To evaluate the reconstruction 

performance subject to measurement noise and varying 

noisy conditions, 50 random noise vectors were 

generated with a uniform magnitude increment of 20%. 

The noise vector is Gaussian noise in nature with zero 

mean and variance of 1.53%. In the performance 

evaluation subject to noise, each of the 50 noise vectors 

was Fourier transformed to k-space data and manually 

added to the fully sampled k-space data followed by the 

under-sampling and reconstruction processes.  

The second one is a phantom which was scanned for 

100 times and was acquired on a 3 Tesla SIEMENS 

scanner with a 32-channel head with true fast imaging 

with steady-state precession sequence (TrueFISP). The 

parameters of the scan were TR/T E = 11/6.5 ms, N×N 

= 256 × 256, flip angle = 60
0
 and FOV = 162 × 162 

mm
2
. The acquired k-space data is in the Cartesian 

coordinate system and uniformly under-sampled at the 

nominal rate of 𝑓
𝑛𝑜𝑚

 = 4 and 8. The undersampled data 

together with the 32 extra ACS lines in the central k-

space region along the phase encoding direction 

generating an under-sampled k-space dataset with a net 

under sampling rate 𝑓
𝑛𝑒𝑡

= 2.67 and 4. 

B. Computational Setups 

All the computational algorithms for pMRI 

reconstructions have been programmed by MATLAB 

(Math-Works, Natick, MA, USA). the normalized mean 

square error of the reconstructed image ℎ𝑚 is defined as 

𝑒𝑁𝑀𝑆𝐸 =
‖ℎ𝑚 − ℎ𝑆𝑂𝑆‖2

‖ℎ𝑆𝑂𝑆‖2
                      (5) 

The reconstructed g-factor maps by the proposed 

algorithms have been computed and compared with 

some selected state-of-art reconstruction algorithms 

under the same data acceleration factors. Specifically, 

the simulated g-maps from 50 sets of brain images 

reconstructed for different additive noises at 

aforementioned under sampling rates are compared with 

that reconstructed by the conjugate gradient SPIRiT 

(CG SPIRiT) with L1 penalty, GRAPPA, L1 ESPIRiT, 

IRGN-TGV, JSENSE, Two-step convex optimization, 

and direct convex optimization algorithms. The g-factor 

maps resulted from the phantom, which was scanned 

100 times to provide a more accurate result, are 

compared with GRAPPA and L1 ESPIRiT. Due to the 

time-consuming factor associated with the 

reconstruction of a such number of images, some of the 

time-consuming methods used for comparison earlier 

are escaped in this g-map analysis between different 

algorithms. The MATLAB codes as well as the 

regularization parameters and initial conditions for 

computations of these algorithms are set by the theory 

and methods narrated by the respective authors. 

C. Results and Analysis 

The g-factor maps estimated for an acceleration 

factor of 𝑓
𝑛𝑜𝑚

 = 8 for different algorithms are displayed 

in Fig. 1.  

 

 

Fig. 1. g-factor maps reconstructed for the 8-channel brain 

data set at  by the two-step optimization algorithm in (a), 

IRGN-TGV in (b), l1 ESPIRiT in (c), CG-SPIRiT in (d), 

JSENSE in (e) and GRAPPA in (f) respectively 

 

As g-maps depict the noise enhancement factor for 

each reconstruction algorithm, it is clear from the figure 

that the proposed two-step convex optimizations 

algorithm in Fig. 1 (a) demonstrates the best outcome 

among the selected algorithms in case of reconstruction 
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noise suppressing capability, followed by IRGN-TGV 

in Fig. 1 (b). Coil-by-coil reconstruction methods like 

ESPIRiT, SPIRiT, and GRAPPA which employ SOS 

for final image reconstruction, exhibit more noise 

amplifications. ESPIRiT in Fig. 1 (c), also tends to be 

more insusceptible to noise enhancement among other 

similar algorithms but still falling behind the first and 

third category of algorithms. 
 

 
Fig. 2. g-factor maps reconstructed for the 8-channel brain 

data set at  by the two-step optimization algorithm in (a), 

Direct optimization method in (b) respectively 

 

Fig. 2 represents a comparison of g-maps between the 

two-step and direct algorithms. This figure illustrates 

that the direct optimization method exhibits more 

reconstruction noise enhancement. Also, when 

compared to the g-map by IRGN-TGV at Fig. 1 (b), it 

displays a higher magnitude of noise outside of the 

actual image of the slice but a lower noise enhancement 

inside the actual image area. Although, it should be 

noted that the noise enhancement factor cannot define 

the quality of reconstruction alone but sometimes more 

noise reduction can lead to loss of details in the actual 

reconstructed image. 

TABLE I 
AVERAGED NMSE VALUES OF 50 BRAIN IMAGES RECONSTRUCTED 

BY DIFFERENT ALGORITHMS SUBJECT TO NOISE 

𝒇𝒏𝒐𝒎 4 8 12 16 

GRAPPA 0.0082 0.0133 0.0215 0.0341 

SPIRIT 0.0078 0.0125 0.0196 0.0287 

ESPIRIT 0.0068 0.0104 0.0156 0.0225 

IRGN-TGV 0.0045 0.0069 0.0086 0.0112 

JSENSE 0.0085 0.0102 0.0169 0.0208 

TWO-STEP METHOD 0.0038 0.0053 0.0071 0.0098 

DIRECT METHOD 0.0036 0.0055 0.0076 0.0105 

 
TABLE II 

STANDARD DEVIATIONS (%) OF RECONSTRUCTED IMAGES FROM 50 

BRAIN IMAGES BY DIFFERENT ALGORITHMS SUBJECT TO NOISE 

𝒇𝒏𝒐𝒎 4 8 12 16 

GRAPPA 0.91 1.09 1.69 2.27 

SPIRIT 0.88 1.05 1.60 2.07 

ESPIRIT 0.44 0.72 1.01 1.46 

IRGN-TGV 0.11 0.18 0.36 0.58 

JSENSE 0.21 0.34 0.49 0.65 

TWO-STEP METHOD 0.11 0.16 0.33 0.53 

DIRECT METHOD 0.10 0.17 0.32 0.59 

*Lower is Better 

Finally, the average of the NMSE values of the 50 

images reconstructed by each different algorithm and 

the standard deviations of the NMSE values of the 50 

reconstructed images by each algorithm is summarized 

in Table I and Table II, respectively. 

   From the results of in vivo brain data, it is observed 

that the second category of algorithms, which employs 

SOS after coil-by-coil reconstructions, tend to exhibit 

more noise than others. This is due to the fact that these 

methods assume that coil sensitivities are uniform and 

hence depend less on it. Practically, coil data may be 

plagued by inhomogeneities of MR machines and often 

yields non-uniform sensitivity functions. Meanwhile, 

SENSE-based methods like JSENSE compute the coil 

functions explicitly which may result in less noise 

accumulate. Iterative methods like IRGN, Two-step 

convex optimization, and Direct optimization use noise 

minimizing TV penalties, which gives that great 

advantage in case of noise performance.  

g-factor maps have been also estimated for the 

acquired 100 sets of phantom data which can give a 

more accurate idea about the noise enhancement factor 

of the proposed convex optimization-based algorithms. 

ESPIRiT and GRAPPA have been chosen to compare 

the noise amplification performance with the proposed 

algorithms in this research. Methods like JSENSE, 

IRGNTGV, Sparse-BLIP, and CS-SENSE have been 

escaped for comparison due to their long time 

consumption to perform the pMRI reconstruction, 

which makes the g-maps construction from the 100 sets 

of scanned data devouring extensive time and those 

methods to be out of consideration.  

The g-maps resulted from the 100 scanned phantom 

datasets for the selected algorithms are shown in Fig. 3 

for a nominal acceleration rate of 𝑓
𝑛𝑜𝑚

 = 4 ( 𝑓
𝑛𝑒𝑡

 = 

2.67). In the figure, a brighter image corresponds to 

more noise enhancement. From the figure, it is cleared 

that except GRAPPA, all other methods perform quite 

well. The two-step method by convex optimizations in 

Fig. 3(a) (a) accomplishes the best result. Although 

noise enhancement by direct optimization method, 

shown in Fig. 3(b), is also on the lower side but few 

pixels consisting of higher noise data can be observed. g 

-map resulted by SPIRiT in Fig. 3(c), is also very 

smooth but brighter image than Fig. 3(a) and 3(b) means 

overall noise amplification is a little bit higher. 

The g-factor maps stemmed from a nominal 

acceleration rate of 𝑓
𝑛𝑜𝑚

 = 8 ( 𝑓
𝑛𝑒𝑡

 = 4), by various 

methods have been displayed in Fig. 7.4. As expected, 

the noise amplification has been increased for each of 

the selected algorithms as the reduction factor has also 

been increased. Again, except GRAPPA, all other 

algorithms have handled reconstruction noise well and 

the differences between these are subtle. But upon 

closer inspection it can be seen that the g-map from the 
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two-step method in Fig. 4(a) offers less noise, closely 

followed by the result of the direct optimization method 

in Fig. 4(b) and ESPIRiT in Fig. 4(c). The comparisons 

using the phantom data has also established the facts 

that have been discussed earlier. These simulation 

results from phantom data have been consisted of in 

vivo brain data. pMRI algorithms that depend implicitly 

on coil functions often exhibit a higher amount of 

reconstruction noises as these are based on the fact that 

coil functions are always uniform. Also, it is noted that 

newer methods in this group as ESPIRiT performs 

better than older algorithms. Iterative methods have the 

upper hand on noise performance because noise 

minimizing penalties like TV norm can be applied [15]. 

 

 

 
Fig. 3. Reconstructed g-factor maps from the 100 phantom 

datasets at fnom = 4 by the two-step optimization algorithm 

in (a), direct optimization method in (b), l1 ESPIRiT in (c), 

GRAPPA in (d) respectively 

 

 

 

Fig. 4. Reconstructed g-factor maps from the 100 phantom 

datasets at  fnom = 8, by the two-step optimization algorithm 

in (a), direct optimization method in (b), l1 ESPIRiT in (c), 

GRAPPA in (d) respectively 

IV. CONCLUSION 

Parallel MRI methods have been known to introduce 

non-uniform noise in the reconstruction of MR image 

and to study noise amplification in pMRI reconstruction 

has been an interesting topic which can provide some 

knowledge on how well an algorithm can treat noise 

enhancement during reconstruction. For that, g-factor 

has been standardized as the primary parameter to 

measure noise enhancements for pMRI methods. The 

purpose of this work has been to analyze the noise 

enhancement factor resulted from popular pMRI 

algorithms and to compare them thoroughly with some 

standard parameters like g-factor maps. The efficiency 

and accuracy of the algorithms in case of added noise to 

the acquired k-space data have also been evaluated and 

shown in this paper. Graphical, as well as numerical 

comparisons have been done in detail to represent the 

effectiveness of the various algorithms in case of 

handling and acquainting noise during reconstructions 

compared to other methods. From the experimental 

figures and numerical scrutiny, it is obvious that the 

two-step method by convex optimizations and direct 

convex optimization method is very efficient in noise 

enhancement management. Also, these comparisons 

give researchers a clue about the prospect of iterative 

optimization algorithms for pMRI reconstruction.  
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